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Abstract

This paper proposes a new objective function as a compromise between prin-
ciples of compensation and responsibility in the design of optimal income taxes. It
characterizes both first-best and second-best tax schedules. Results are interpreted
in terms of both the model’s primitives and taxable income elasticities.
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1 Introduction

Dworkin (1981) argues that there is a cut between the characteristics of a person’s
environment, genetic and social, for which a person should not be held responsible
for, and those for which she should be. This distinction and Dworkin’s responsibility-
sensitive arguments have been largely discussed in the egalitarian literature in phi-
losophy but has also been exploited in economics. For instance, based on this cut
between characteristics people are responsible for and those for which they are not,
Roemer| (1993, |1998), Fleurbaey| (2008), and Fleurbaey and Maniquet (2009, 2011) pro-
pose distinct normative approaches to the compensation-responsibility dyad. As a
first contribution, this paper offers a discussion of this literature in the light of opti-
mal income taxation theory. This allows us to highlight the advantages and limits of
previous approaches. As standard in this framework, individuals are heterogeneous
in skill (for which they are assumed to be not responsible) and have heterogeneous
preferences for labor (for which they are assumed to be responsible).

This paper investigates how the optimal income tax schedule should be designed
when taking into consideration the compensation-responsibility couple. Building up
on our survey of the previous approaches on this issue, we hope to offer a new and
interesting avenue. [Fleurbaey and Maniquet (2005, 2006, 2007, 2015) use an ordinal
approach and build up social ordering functions which do not require any utility com-
parison or any cardinal measurement of utility. However, it is not always possible to
characterize the tax schedule over the entire income distribution. In this paper, we aim
at developing an approach to fully characterize tax policies when compensation and
responsibility matter. Therefore, we assume that individual utility levels are measur-
able and comparable and can be aggregated in a social welfare function. This allows
us to derive the optimal tax formula valid along the entire income distribution and the
subjacent economic intuitions.

These assumptions are also used in Roemer| (1993, 1998). Roemer’s approach re-
quires that individual welfare be equalized across skills for those people who have
the same preferences for leisure and so belong to the same preference group. At the
same time, there would be no redistribution between preference groups. However,
the policy instruments that are available do not generally allow the government to
achieve such an equality, and even if they are available the redistributive policy that
would achieve it would generally depend upon the preference group. This calls for
some compromise and Roemer| (1998) proposes that the redistributive policy should
be chosen so as to maximize the weighted sum of utilities of the worst-off individuals
within each preference group, the weights being the shares in the population of the
preference groups. After Fleurbaey (2008), this objective function is called the mean
of mins and the way of aggregating across preference groups is called utilitarian re-
ward. Implicitly, the latter provides an ethical criterion of what comprises the proper
reward to effort. This paper builds up on Roemer’s approach regarding the compensa-
tion principle since it assumes a weighted sum of utilities of the worst-off individuals
within each preference group. However, differing from Roemer’s approach, we will



allow the government to have varying attitudes towards persons of different prefer-
ences by possibly attaching distinct weights on individuals with distinct preferences
for leisure.

We study how the tax schedule is modified with these weights and we also relate
the weights we use to those (implicitly) used in Fleurbaey and Maniquet’s works. (Cuff
(2000) is the first to explicitly link social weights to preference for leisure using alterna-
tive choices of cardinal utilities. Boadway et al.| (2002) and Choné and Laroque (2010)
show how it can be optimal to have binding upward incentive constraints (hence, neg-
ative marginal tax rates) when high preferences for leisure are associated with small
social weights. In this paper, we assume a continuum of productivity levels and two
values of preferences for leisure and a new objective function. We then show how
changes in the binding constraints take place and, hence, the sign of the marginal tax
rates can also change. We also write the tax formula in terms of income levels. The
optimal tax schedule is then expressed as a function of elasticities, income densities
and social marginal welfare weights applied to earnings (e.g. Saez| (2001); |Saez and
Stantcheval (2015)).

The paper is organized as follows. In Section [2, we provide a survey of the litera-
ture. Section 3| describes the model. In Section 4, we assume that all individuals char-
acteristics are observed by the government and characterize the optimal tax schedule.
Section |5|assumes that the government cannot observe individual levels of skills and
of preference for leisure (industriousness). We analyze the constraints face by the gov-
ernment under this informational setting and characterize the second-best optimum.
All proofs that are not in the core of the paper can be found in the appendix.

2 Previous literature

In this section, we outline approaches used to obtain social orderings when indi-
viduals differ both in their skills and their preferences for leisure or work. An individ-
ual’s type is a pair (B, w), where w is a skill parameter and p is a taste parameter that
measures “industriousness”. The skill parameter w is also the individual’s wage rate.
The higher is B, the less costly (in terms of utility) is work to an individual. We rely
heavily on the work of Fleurbaey and Maniquet, summarized especially in Fleurbaey
and Maniquet (2009, 2011). Next, we present and motivate the approach we use in
this paper. We also motivate our approach relative to those of Roemer| (1993, 1998)
and Saez and Stantcheva (2015).

Fleurbaey and Maniquet| (2009) obtain what they refer to as social ordering func-
tions (SOFs) based on limited information assumptions and a set of minimal axioms.
First, the basic information they use about individuals is restricted to individual pref-
erence orderings. Welfare is neither measurable nor comparable among individuals.
This information is more restrictive than required for standard social welfare func-
tions, but less restrictive than assumed in Arrovian social choice where only prefer-
ences over actual bundles are known to the planner. Second, SOFs must satisfy the
Pareto principle, either in its strong or weak form. Third, some transfer axioms, anal-



ogous to the Pigou-Dalton transfer principle, are used to invoke fairness or equity
principles. As well, some subsidiary regularity axioms are imposed, such as inde-
pendence and autonomy, which are relatively non-controversial. The fairness axioms
indicate in what circumstances transfers of resources yield a more preferred social or-
dering. Broadly speaking, they relate to two sorts of transfers: those between persons
with the same preferences but different skills, and those between persons of the same
skills but different preferences. The former are motivated by the principle of compen-
sation: persons ought to be compensated for differences in access to resources arising
from skill differences, which are judged to be beyond their control. According to the
latter, they ought to be responsible for differences in outcomes resulting from their
preferences: the principle of responsibility.

The restriction of information to preference orderings combined with the Pareto
principle and the fairness-related transfer axioms leads to SOFs of the leximin sort.
However, depending on the fairness axioms used, the ranking of individuals of differ-
ent skills and preferences can differ. What makes the analysis particularly challenging
from a normative perspective is that the principles of compensation and responsibil-
ity are in fundamental conflict: both cannot be fully satisfied at the same time, see,
e.g., Fleurbaey| (1994) and Bossert| (1995) and the graphical proof in Boadway| (2012a)
p- 213-215). Some compromises must be made, and that is reflected in the fairness
axioms chosen. Fleurbaey and Maniquet consider cases where compensation is fully
satisfied, and responsibility is weakened, and vice versa. We focus attention on al-
locations that satisfy full compensation, that is, those in which all persons of a given
preference type are on the same indifference curve. We now consider, in turn, two
ways of relaxing full responsibility while keeping full compensation. Both ways have
been proposed by Fleurbaey| (2008) and [Fleurbaey and Maniquet| (2009, 2011).

A first way of weakening the responsibility principle relies on respecting what
Fleurbaey and Maniquet define as (i) the equal-preference transfer axiom and (ii)
laissez-faire selection. According to the equal-preference transfer axiom, if two in-
dividuals have the same preferences but distinct earnings, it is a social improvement
(or at least not a worsening) to transfer some income from the richer to the poorer in-
dividual. This corresponds with the principle of compensation. Laissez-faire selection
is a weakened version of the principle of responsibility and requires that if everyone
has the same skill, the laissez-faire must be the most preferred outcome in the social
ordering. Fleurbaey and Maniquet show that these two axioms help to characterize
what they call the wage-equivalent leximin SOF (R¥/¢¥).

According to this SOF, the well-being index of an individual at a given allocation
is measured by the slope of the ray from the origin (the so-called implicit budget)
tangential to the indifference curve on which the individual’s allocation lies (hence the
need for the assumption that the government knows individual preference orderings).
This well-being index is called equivalent wage or skill. Agents whose well-being
indices are lower are naturally disadvantaged and are considered to be the worst-off
ones. As emphasized in Boadway|(2012b)) constructing implicit budget lines through



the origin is driven entirely by the need to satisfy laissez-faire selection (hence, to
achieve full responsibility) in the (unlikely) event that all people actually did have
the same skills. This implies that R¥/** favors industrious low-skilled agents over
lazy low-skilled agents, even though laissez-faire eschews such favoritism. Moreover,
responsibility is not satisfied for either skill-type: individuals with the same skill but
different preferences are on different budget lines.

Recently, Saez and Stantcheval (2015) proposed deriving optimal income tax rates
from the application of social marginal welfare weights (Saez| (2001)) directly to in-
come levels rather than to utility levels. These so-called generalized social welfare
weights reflect society’s views for justice and can depend on characteristics of indi-
viduals earning that level of income, e.g. their industriousness and skillﬂ The wage-
equivalent leximin SOF R¥** of Fleurbaey and Maniquet can also be reformulated in
terms of generalized social marginal welfare weights. Since R¥/** focuses exclusively
on individuals with the lowest skill level w,ij, who are the most industrious, i.e. who
work full time, the generalized social marginal welfare weights are concentrated at
their level of income. This level of income is W,y since Fleurbaey and Maniquet as-
sume that labor ¢ is bounded, 0 < ¢ < 1E| At any income level beyond wpin, the
weights are zero (Saez and Stantcheval (2015); Fleurbaey and Maniquet| (2015)). The
optimal tax system therefore maximizes the net transfers to agents with the lowest
skill level wpin who work full-time. The optimal marginal tax rate is negative for in-
dividuals whose incomes are below the income of agents with the lowest skill who
work full-time and positive for incomes above (Fleurbaey and Maniquet, 2011} Theo-
rem 11.5).

A second way Fleurbaey and Maniquet propose for relaxing the responsibility
principle relies on respecting what they call the at-least-as-industrious transfer ax-
iom, or the >M!-equal-skill transfer axiom, along with equal-preference transfer (full
compensation). The >M!-equal-skill transfer states that if agents have identical skills
but are on distinct budget lines, transfers from the richer to the poorer would be so-
cially preferred only if the richer are more industrious (i.e., would choose to work
more if their budget lines were the same). This therefore reduces the reward for be-
ing industrious. The so-called w,,;,-equivalent leximin SOF (R¥min/¢¥) favors the lazy
low-skilled types because transfers between people of the same skill are sanctioned
only if they go from the industrious to the non-industriousﬁ This seems arbitrary
since it penalizes some preferences. The wpin-equivalent leximin SOF R%minlex puts
full weight on those with wp,in, who receive the smallest net transfer from the govern-
ment and zero (generalized) social marginal welfare weights are zero on all incomes
above w,,;, (Fleurbaey and Maniquet (2015)). This leads to an optimal tax system with

1t is however not always straightforward to derive these generalized weights by income level as
discussed in Fleurbaey and Maniquet]| (2015).

2The skill level wp,;, of the lowest skilled individuals who work full time therefore also stands for
their income.

3See Boadway| (2012b) for a discussion about this.



zero marginal tax rates in the income range [0, Wmin]. Therefore all individuals with
income in this range receive the same transfer. The optimal tax system maximizes this
transfer and has a positive marginal tax rate for income levels above wp;n.

Fleurbaey and Maniquet’s approach replaces interpersonal welfare requirements
with axioms about fair access to resources to derive clear-cut SOFs, but there is a price
to pay. First, their orderings are of the leximin type that can preclude signing the
optimal marginal income tax schedule except at the very bottom of the skill distri-
bution in some cases (see e.g., Fleurbaey and Maniquet (2006, 2007, 2015)). Second,
their approach still needs to rely on interpersonal comparisons of well-being indices.
Third, their analysis depends on identifying the worst-off person and this leads to
arbitrarily favoring one preference type, as previously explained. In this paper, we
propose another way of satisfying compensation while relaxing responsibility. Con-
trary to Fleurbaey and Maniquet’s approach, we assume that individual utilities are
comparable and we will rely on a social welfare function. This will allow us to sign
the optimal marginal tax rates along the entire skill distribution. Under full informa-
tion, compensation will be satisfied thanks to a constraint we will incorporate into
our welfare maximization problem: In a given preference group, everyone reaches the
same utility level, regardless of skill levels. However, under asymmetric information,
compensation may not be fully satisfied because of information and incentive compat-
ibility constraints. The government then maximizes a weighted sum of the minimal
utility level in each preference group.

Our approach can therefore also be related to |[Roemer| (1993, 1998) who suggests
maximizing a weighted average of the minimal utilities across individuals having the
same tastes, the weights being the shares in the population of the preference groups.
According to Roemer| (1993, (1998), the difference between the utility levels of individ-
uals at the same value of effort, but in different skill types, is ethically unjustifiable.
In choosing an allocation, these differences should ideally be eliminated analogous to
the compensation principle of [Fleurbaey| (2008) and Fleurbaey and Maniquet (2009).
And if compensation is not fully achievable, Roemer suggests adopting the maximin
criterion. Since the policies that allow compensation to be achieved (or a maximin for-
mulation of it) in each preference group generally differ across preference group, Roe-
mer proposes the compromise policy that averages over preference groups. Roemer’s
criterion is then a population-weighted average of the minimum utilities achieved in
each preference type. As a result, Fleurbaey| (2008) calls Roemer’s criterion the mean-
of-mins criterion. We will build on Roemer’s work by choosing the maximin criterion
in each preference group.

Moreover, according to Roemer| (1993, 1998) it is perfectly acceptable if those who
have higher industriousness (expend a higher degree of effort) reach higher outcomes
(utility levels). The utility level should be a non-decreasing function of industrious-
ness (), which happens when simply aggregating across preference groups. After
Fleurbaey| (2008), this is called the rewards-to-effort principle and Roemer’s objective
function is an example of what Fleurbaey| (2008) calls utilitarian reward.



In contrast to Roemer’s approach, we will allow the government to have varying
attitudes towards persons of different preferences by attaching distinct weights on
individuals with distinct preferences for leisure. When the weight attached to indus-
trious By-individuals (1 — ) is larger than the one attributed to B;-individuals (vy), we
will satisfy the rewards-to-effort principle. The weights we will use can be related
to those used in Fleurbaey and Maniquet: The weight on the industrious individuals
(1 — ) is implicitly higher with R¥/¢* than with R%¥minfe¥,

Our approach allows us to capture and analyze the idea and effects of responsibil-
ity by simultaneously allowing the government to transfer income from one prefer-
ence group to the other. This type of redistribution is largely unavoidable in a second-
best environment we consider below. Changes in the weights will explicitly reflect the
extent to which responsibility is more closely satisfied for one preference group or for
the other.

3 Model

From now on, we assume that w is continuously distributed with a bounded sup-
port [w, w] and that B takes on one of two values, B; < Bj. We denote the share of
Bi-type individuals by a. The distribution of w might depend on B and we let f;(w)
and f;(w) be the (conditional) densities of w for B;- and Bj-types, respectively. We
assume throughout that people are responsible for their tastes for work B but not for
their skills w. Utility depends on consumption, x, and labor supply and is represented
by

i(x,¢;B) =v(x)—h (é) : (1)

The function v is increasing, strictly concave and well-behaved. The function # is
increasing, strictly convex and well-behaved. Using the usual substitution for before-
tax income, y = w/, utility can be written as

U, yieo, ) = o)~ (5. %)

Much of the literature focuses on quasilinear forms, and the separable form nests

the two forms of quasi-linearity. In fact, this form can be made quasilinear-in-consumption
by introducing z = v(x). For future reference, define a function ¢ by

¢ =01, thatis, x=¢(z) +— z=r0(x). 3)

Because v is increasing and strictly concave, ¢ is increasing and strictly convex. Using
this transformation of utility, we obtain

u(z,y;w,B) =z~ h (wlﬁ) - 4)



4 First-best economy

As a benchmark, this section considers an ideal world where the government has
the luxury to condition taxation on skills w and preference parameters ;. Therefore,
individual taxation can be written as T (w, 8;) = vy (w, B;) — x (w, B;). The tax policy
aims to satisfy equal-preference transfer (full compensation for skill) but compromises
on equal-skill transfer. The ideal is then to give the same level of well-being to those
with the same preferences, irrespective of their skill levels. This amounts to equalizing
utility levels in each group of preferences, i.e.:

y (w, Bi) :
o e o, )~ (L5PD) — o i = ©)
where ¢; (i := 1, h) are scalars.
The tax authority maximizes a weighted sum of the minimal utility levels in each
preference group
v+ (1 =7) e (6)
with v € [0,1] and without any restriction on the weights (y and 1 — 7) that are as-
signed to each preference type. Government policy is purely redistributive, so we
posit the budget constraint as

o [Ty 1) —x 0, )] fi () o

+<ui—a> [ o) 0, )l i) deo =0 %

The government maximizes (6) subject to the constraints of equal utility per preference
group (5) and the budget constraint (7).

For simplicity in the exposition, we can neglect income effects on labor supply by
using the following utility function U(x,y) = In (i (w, B)) where il (w, ) = x (w, B) —
(1/2) (y/ w,B)2 Therefore, the constraints (5) which equalize utility levels in each
group of preferences can be rewritten as

2

In (@ (w, f1)) = In ( (w, B1) - %) — ¢ ®)
2

In (i (w, B1)) = In ( (w, Br) — %) — ¢ ©)

The optimal tax schedule is then easily derived. The Lagrangian can be written as

2 (Bw)?

4This form is an increasing transformation of a special case of the form used in (2).

w w 2
L) = v+ 0-nat [ Aw) lln (x(w,zso—M)—cl] do
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T 2
+ /w Ay (w) [ln (x (w, Br) — %) — ch] dw

s [ 1y i) = x o, )y (o) o

- > [ o) = x ol i ) o

where A; (w) (i := [, h) are the Lagrangian multipliers associated with the two equal-
ities in (5) and 7 is the multiplier associated with the budget constraint (7). The nec-
essary conditions are the budget constraint , —@[), and the first-order conditions
with respect to ¢, ¢, x (w, By), x (w, By,), y (w, B;) and y (w, By,), i.e.:

I L (10
1—y— wwAh (w)dw =0 11)
T i () =0 (12)
A =) i () =0 (13)
N -
T o (-0 i () =0 (15)
From (I2) and (Td), we have:
y (w, Br) = (Brw)? (16)
and from (T3) and (T5), we obtain:
y (w, B) = (Buww)*. (17)

From these two equations we have the following lemma.

Lemma 1. Under full information, more industrious people earn more at a given skill level.

From and (8) we obtain

2
w
x(w, Br) =%+ (wh)” 21) (18)
where x; = e“l. This leads to the following lemma that highlights the progressivity of
the tax function among agents having the same preferences.

8



Lemma 2. Under full information, the individual lump-sum tax is increasing with skill,
within each preference group.

Proof. Subtracting from allows the tax function to be written as

N2
T (w,8) = B

Therefore, dT (w, B;) /dw = wp? > 0. O
In the first-best economy, we know that compensation is (fully) satisfied but we are
also interested in the implicit transfers between preference groups. More precisely, the

following lemma highlights the impact of the welfare weights - on the (implicit) taxes
between groups of distinct preferences.

Lemma 3. Under full information, the total (implicit) tax paid by a preference group is de-
creasing in the weight assigned to this group in the objective function.

Proof. The implicit amount of tax revenue collected from individuals of preference
type B is denoted:

w
Ti=a [y (w ) = x (w0, p1))fy () e (19)
This implicit revenue level T; may take on any sign. From (7), the total tax liability

of the Bj-type group is —T;. This implies that the implicit amount of tax revenue
collected from individuals of preference type B, is:

(1 —0‘)/ (w, Bn) — x (w, Pu)] fn (w) dw = =T, (20)

Using i (1) = x (1 fy) —(1/2) (y/wpr)?, (18) and (16) yield @ (w, pr) = x
Substituting (18) and (10) into (12) implies

Y = K. (21)
Likewise, from (11)), (13), and (9), we obtain
1—y=x(1—a). (22)

and i (w, B,) = K. Substituting 21) and (22) into the budget constraint (7) determines
1, k1 and xj, as functions of exogenous variables of the model:

2
= aEq (wz) 1312 +(1—a)E (w2) ;3%,
Ll )+ 00 )

2u
9



o (1—7) [aB?E1 (w?) + (1 — a) B2E; (w?)]
e 2(1—«) ’

where E; (w?) = [¥w?f; (w) dw (i := I, ) is the mean of w? for B;-agents.

Substituting the above expression for x; as well as (8), into yields

Ty =a(l—1) ‘%%El (w2> —q(1-a) ’%%’Eh (w2> . (23)

From the previous equation, we directly see that Tj, the total tax paid by the ;-
preference group, is decreasing in -y, the welfare weight on this group. In particular,
when v = 0: Ty = af?E; (w?) /2 > 0 i.e. the group of Bj-preferences pays an implicit
positive tax towards the Bj,-group. Wheny =1: T) = — (1 — a) B2E;, (w?) /2 < O that
is, the group of B;-preferences receives an implicit (positive) transfer from ﬁh—groupﬂ

We just studied how the weights in our objective function modifies the implicit
tax between preference groups. We can now look at the impact of these weights on
the (common) utility level in each preference group. Equations and can be
rewritten as

kp _ (1—7)a

oo y(l—a)
From (24), we see that at any w, the more industrious agents obtain a larger (lower)
utility level than the less industrious agents if and only if (1 —7)a > (<)y (1 —a).
For a given a, the higher the weight on the more industrious people (1 — ), the larger
their (relative) utility level. We recover equal utility levels, which is more in the spirit
of Roemer’s work, if & = .

(24)

5 Second-best economy

The above analysis is based on the government adopting a tax function that de-
pends on all individual characteristics. We now turn to an economy where taxation
can only be conditioned on the before-tax income y. In this second-best world, the
government can observe before-tax earnings but not individual skills w or preferences
Bi. The government is then unable to equalize the utility levels within each preference
group, as required by (5). Equal utility constraints (5) are rewritten as some minimal
utility requirements

v(x(w,B;)) —h (y(;li)—,lﬁlng)) >¢ i=1h. (25)

SWhen the distributions of skills are identical in both preferences groups, i.e. « = 1/2 and f; (w) =
f2 (w), we obtain that T takes the sign of T) = (1 — ) 7 — B+7. In the case where the government gives
the same weight to both preference groups, v = 1 — v, it gives T; < 0 so that the §;-preference group
receives a positive transfer while the ;-preference group pays a (positive) tax. This illustrates that fully
satisfying compensation somewhat favors the group of the less industrious workers. Responsibility is
not fully satisfied.

10



Full compensation is therefore not guaranteed, in contrast with the full information
economy.
It is clear from (4) that labor supply behavior is determined by the type-aggregator

6 = wp. (26)

We assume that wB; < Wy, so that the support of 6 is the interval [6, 0] = [wpB;, WPy] ﬁ
With this assumption in mind, we define 6; = wp;, and 6, = wWp; and note that § <
01 < 6, < 0. The conditional and unconditional density functions of the random
variable 6 are given by

&wmzﬁﬂzf(%)%IGGMﬁﬁ @)

&ww=&0=h<%)%,9€%ﬁb 28)
Efl % , 6¢€10,0),

30) = & (&) + 520 (), oclonel (29)

L, (ﬁ%) 0 € (65,0
where the Jacobian of the transformation (B,6) — (B, w (B,0)) has been used to state
the conditional density functions and where the unconditional density function g(6)
isequal to wg1 (0|8 = B;) + (1 — «) g2(6|B = B,) in the considered interval of 6’s.

The taxation authority sets an anonymous income taxation schedule that deter-
mines the tax liability as a function of before-tax income y. In this way, after-tax
income, x, and its transformation, z, are also determined. Individuals choose their
most preferred allocation from the taxation schedule, denoted by T (y). It is clear
that, when faced with such an anonymous tax schedule, individuals with the same
value of # make the same choices. The individual of type § maximizes (4) subject to
x(8) =y (0) — T (y(0)), yielding the first-order condition{/

1-1 w(0) = ¢ o0 (Y)) 30)

where (3) and have been used. It is straightforward to show that the planner
cannot differentiate among individuals of the same 6. The choices made by individu-
als can be described as a schedule of allocations (z(0),y(6)). By revealed preference,
these choices are incentive compatible.

The technical analysis of incentive compatibility across 0-types is standard. Define

V(0) = z(8) — h (@) . (31)

Qur analysis can be modified in straightforward ways to accommodate the other case.
"We are restricting attention to continuous piecewise differentiable allocation functions z(6) and

y(0).

11



Incentive compatibility requires

/
V(9) = mggxz(@’) —h (@) . (32)
The first-order (envelope) condition for incentive compatibility is
o) = i (110 ¥0)
V(Q)_h(()) 02 (33)

Because h is increasing, (33) implies that utility is increasing in # whenever incentive
compatibility is satisfied. As a result, utility is increasing in w for fixed p and utility is
increasing in B for fixed w. The second-order condition for incentive compatibility is
that y(6) is increasing.

We will use optimal control techniques to analyze the government’s decision prob-
lem. It is helpful to follow the procedure set out by Ebert| (1992) to reformulate the
monotonicity constraint. To that end, define the variable a(6) to be the derivative of
y(0). We will treat a(0) as a control variable and y(6) as a state variable with associated
flow constraint

y'(0) = a(0). (34)

The monotonicity constraint on y(6) can be re-expressed as
a(f) >0, V. (35)

The notation set out above allows us to rewrite budget constraint in the form

/99‘51(9)[}/(9) — ¢(2(0))1f, <ﬂ> 2o

A 5) B
+ [0l o)l (5 ) 15 a0 =0 6)
where
(CE e @
and where )
o= 1

5.1 The Optimal Tax Problem

The planner’s problem is to choose (z(6),y(8)) to maximize some function of the
utility levels V(6), subject to the budget constraints and the incentive compatibil-
ity constraint (33), along with the requirement that y() be increasing.

12



The planner’s problem can be formulated as an optimal control problem with the
level of utility V() as a state variable. Its flow equation is the incentive compatibility
condition . The definition of V(8), namely , must also be included as a con-
straint on the optimization problem. This particular constraint must hold for all 6. In
addition to a(0), z(0) is a control variable.

The following table sets out all the variables and constraints in the problem, and
give notation for costate variables and multipliers needed to state the necessary con-
ditions for an optimum for this problem.

Table 1: Outline of the Control Problem

Control Variables
a(0); z(0)
State Variables
Variable Flow Constraint | Boundary Conditions | Co-State
V(0) 33 free x(0)
y(0) 34 free a(0)
Constraints
Name Equation Type Multiplier(s)
Monotonicity 35 for all 0 p(0)
Budget 36 isoperimetrical 1
Utility 31 for all 6 ¢(o)

6 Analysis of the second-best

Like in first-best, the planner maximizes the weighted sum of the utilities of the
least-skilled individuals (in each preference group), i.e. (6). From the incentive-compatibility
constraints (the utility being increasing in w for fixed p), criterion () can be rewritten
as

(@) + A =7)V(6), 7el01] (39)
When 7y = 1, the planner maximizes V(€); when 7 = 0, the planner maximizes V(6 ).
Given (33),
01 0 0
_ [P (Y6) y(8)
vien = [ (Y5)) Y e+ vie), (40)
and it is possible to re-write as
0 0)\ y(6
v(O) + (- maf) [0 (D0) 1, @)
) 0 0
where
1, 0¢[06)
oo(0) = - 42
o(6) {0, oo 2)
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This objective function is of the usual form encountered in optimal control problems,
apart from the additional term in the objective associated with the initial value of the
statelf]

Proposition 1. For any 0 level where there is no bunching, the optimal tax schedule satisfies:

T"(y6) _
1T (y (6)
Wy@/ewe)y 1 1 [ (1= 7)5(6)
1+ )eq<e>¢'<z<9>>[e"’(z(””q(”)d O ] )
with ,
n=—= and (44)
7 ¢/(=(0))q(6) o
0\ « 0\1—«

q(0) =61(0)fi (E) B + 62(0) fi <,3_> B, (45)

where q(0) is the density of population at 6.

The factors determining the optimal tax structure are presented in Equation {#3) in
the vein of Diamond| (1998) (see Equation (10) p.86) or Saez| (2001) (see Equation (25),
p-227 in the appendix). However, major differences with the usual welfarist optimal
tax schedule appear due to the equality of opportunity criterion. These differences
should become apparent as we proceed.

The first component, 1 + [1" (y(0)/60)y(0)] / [W' (y(0)/0)6], is a measure of the elas-
ticity of labor supplyﬂ and as such reflects an efficiency effect. The loss of revenue
from increasing the marginal tax rate is larger, the larger is the efficiency effect.

The second component, 1/ [0g (8)], can be called the density effect. It indicates that
the optimal marginal tax rate is lower the higher the density of people at type aggre-
gator 0. With single-peaked type-aggregator distributions, this term always decreases
before the mode. Beyond the mode, it will either increase or decrease depending on
how rapidly g (0) falls with 6.

8This is very much like a “scrap value” problem in which value is assigned to some function of the
terminal state. The problem is a special case of type of problem covered by Seierstad and Sydseeter
(1987, Theorem 5, p. 185).

?This term can be rewritten as [1+ ¢h"(¢/B) /1 (£/B)] is equal to [1 + e*(6,)] /e (6,) where €°(6,)
and e"(0,) are the compensated and uncompensated elasticities of labor supply, respectively. More
precisely, using (30), ¢°(6,,) and e"(6,) satisfy

W(e/B)
(r"(¢/B) — wiv"(x)) £

1 (0) + 0" (x)020

¢“(6,) = (h"(£) — 020" (x))¢

>0 and e"(6,) =

where 6, = 6(1 — T'(y(0))) is the after-tax wage rate.
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The last component, (1/¢'(z(0))) [f: @' (z(n))g (n)dn — ((1 —v)60(0)) /17}, cap-
tures the influence of social preferences for income redistribution. It is the product of
the marginal utility of consumption, v/(x(.)), i.e. 1/¢'(z(6)) from (3), and the gain in
tax revenue from decreasing the marginal utility of everyone above 0 by one unit net
of the loss in welfare. Intuitively, suppose we reduce the utility of everyone above 6
by a marginal unit (so that the FOIC constraints are still satisfied in that range). The
gain in increased revenue is ¢’ (z(0)) per person. Thus, the integral represents the gain
in tax revenue of a marginal reduction in utility above 6, and depends on the number
of people above 6. There is also a loss in welfare. The utilities of the concerned agents
fall and the government takes this decrease into account for the utility level at 6 = 0,
only, since V' (6;) is taken into account in the objective function (41){’| More precisely,
welfare is reduced by (1 — ), evaluated at the marginal cost of public funds 7, for in-
dividuals whose 6 = 6;, when determining the marginal tax rate at 6 € [0, 6) (so that
6(#) = 1in formula (#3)) and welfare is not affected when looking at the marginal
tax rate at 0 € [61,0).

We now begin the process of determining the sign of the implicit marginal tax
rates. Because 1 is increasing and convex, as a consequence of (#3), an individual of
type 0 faces an implicit marginal tax rate T’ (v (6)) of the same sign as

[/96 ¢'(z(n))g (n)dn —[(1 —7)0(0)] /77| - (46)

Therefore, from (42), since &y(0) takes the value zero except when 6 € [6, 6;), negative

mfirginal tax rates never prevail for 6 € [91, 9} . More precisely, for 0 € (91, 9) ,we have
7 ¢/ (2(n))q (n)dn > 0 from (A.3), (A.4) and (A.8) and 6y(8) = 0 hence T’ (y (8)) > 0.

Moreover, at 6 = 6: |, 99 17(n)dn = 0hence T’ (y (6)) = 0. These results are summarized
in the following Lemma.

Lemma 4. The implicit marginal tax rate faced by individuals with types strictly between 61
and 0 is positive. Moreover, individuals of type 0 face a zero implicit marginal tax rate.

T' (y (f)) = 0is a standard result in the framework with heterogeneity in skills
only (Sadka| (1976), Seade| (1977)): raising the marginal tax rate at the top above zero
is suboptimal because it would distort the labor supply decision of the highest earner
but would raise no revenue.

As the next proposition shows, the situation is a little more complicated for lower

t;LPes_Se&th_Append_inoLiisptoof and for all subsequent proofs.
OThe utility level V ()

is also taken into account into objective function , by 7V (8), however, it
will never explicitly appear in tax formula (3). This can be easily explained as follows. Determining
the sign of T'(y(6)) at 8 = 8 requires assuming a marginal reduction in utility of everyone above 6 = 6.
Therefore, the utility of people at 6 = 6, V (), is not affected and does not imply any welfare loss from
those people.
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Proposition 2.

(i) If v = 1 then the implicit marginal tax rate faced by all individuals, except those of type
8, is positive.

(ii) Ify = O then all unbunched individuals of types strictly between 8 and 01 face a negative
implicit marginal tax rate, while O-types face a zero marginal tax rate.

Intuitively, if v = 1, only people at the very bottom of the #-distribution matter
for the social planner. Therefore, provided the incentive compatibility constraints,
this is equivalent to maximin hence, marginal tax rates are positive also at § = 8 (see
Boadway and Jacquet (2008)).

If ¥ = 0 then only individuals characterized by 6 = 6; matter for the social planner.
Social weights are nil everywhere except at = 6;. In this context, marginal tax rates
are negative for people with 6 € (0,601). The sign of the marginal tax rates indicate
how the incentive constraints bind (see Boadway et al. (2002)). Assume an increase
dT’ in the marginal tax rate on the interval [ — d6, 6], which reduces consumption by
—dT'de for 6 in (0,0]. When v = 0, increasing the marginal tax rate at § € (0,0;),

the gain in tax revenue |, 9@ ¢'(z(n))g (n) dndT'd6 valued at the marginal cost of public
funds 7 is lower than the reduction in welfare (i.e. in V (61)), (1 — y)dT'd6 = dT'd6,
since the gain in tax revenue is such that

0 0
7 [ @' (n)q (m) andT'a0 <y [/ (=(n))q () dndT'do = aT'do

from (A.9). Redistribution lowers net incomes of types below 6 (compared to laissez-
faire) and increases those of type above 6;. The marginal tax rates are then negative in
(8,61) and the incentive constraints in this interval bind upwards.

Moreover, the marginal tax rate is zero at the very bottom if y = 0 and there is no
bunching at the bottom. At 6, because of the incentive constraints , a change in
V(0) induces a rise in V for all 6 levels. This implies mechanical effects that do not
necessarily cancel out at each skill level. However, because the government optimally
selects V(60), the aggregation of mechanical effects over all skill levels cancel out. There
is therefore no rationale for distorting earnings at the bottom. Hence, in the absence
of bunching, the lowest earnings are not distorted and the optimal marginal tax rate
at the very bottom is nil.

If v € (0,1), then implicit marginal tax rates are negative for types just above 6 and
positive for types just below 6;. In this range, the social planner faces countervailing
incentives for any type in (6, 61). It wishes to redistribute both downward from such
a type to the benefit of § and upward to the benefit of 6;.

The following proposition rearranges the first-order conditions for the govern-
ment’s problem in Proposition [I| to obtain a characterization of the optimal marginal
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tax rates in terms of “sufficient statistics”. This approach consists in focusing on
empirical combinations of the primitives of the model that can be estimated using
data, rather than considering the full economic structure (Chetty, 2009), e.g., Piketty
(1997), Saez|(2001), Diamond and Saez (2011), Piketty and Saez|(2013)), Hendren|(2014),
Golosov et al.|(2014)). The sufficient statistics we need are: ¢(y), the elasticity of before-
tax income y with respect to the so-called retention rate 1 — T'(y); (y), the derivative
of before-tax income with respect to a lump-sum change in income; m(y) and M(y),
income density and cumulative distribution; and an expression for the social welfare
weights. Because the types above and below 6, are treated differently in the social
objective function, income levels above and below y(6;) are treated asymmetrically.
In order to state our results we need to define

1, if y<y(61);

0, if y>y(6h). #7)

(y(61) = {

Throughout this exercise,we limit our attention to segments of the income tax
schedule without bunching. We assume also that the allocation is such that y is differ-
entiable in 6 and that the tax function T is twice differentiable everywhere in earnings.

Proposition 3. Under our assumed regularity conditions,

T'y) _1-M@y) |, JOTmEmmmdn y(x(0))(1 - )

1) eym) |1 1My (M) Y

(48)

The first fraction on the right-hand side of characterizes the revenue-maximizing

(or maximin utility) tax schedule in the absence of income effects. This part of the ex-
pression reconciles efficiency effects of a small increase in the marginal tax rate at y
with the revenue gains to be had. Notably, without income effects there is a lump-
sum gain in tax revenue from all individuals with income greater than y. This gain
is proportional to 1 — M(y). But when there are income effects in labor supply, the
lump-sum increases in taxes paid by those earning more than y induce increases in
their respective before-tax incomes, thereby further increasing tax revenue. These are
captured by the addition in square brackets in (48). The subtraction captures the effect
on social welfare of the lump-sum increase in taxes paid by earners above y. When
y > y(6p) this term disappears, because the social welfare function places no weight
on individuals with a type of above 01, hence it places no weight on incomes above
that earned by those of type ;. When the marginal tax rate is increased for incomes
below y(6;), type 0; individuals are among those who experience a lump-sum tax in-
crease. Their loss of welfare, normalized by the shadow value of public funds, is given
by final term in (48). This final term multiplied by 1 — M(y) is also called marginal
social welfare weight applied to earnings.
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7 Second-Best in the Quasi-Linear Case

In order to derive further insights into the optimal tax distortions, to study the ef-
fects of the welfare weight -y, and to examine possibility of bunching at the optimum,
we consider the case of preferences that are quasi-linear in consumption. Mathemat-
ically, this is simply a special case of the analysis of the previous section obtained by
setting the function v, and hence its inverse ¢, to be the identity function. In this case,
n = 1. The following Proposition then follows immediately from Proposition

Proposition 4. When preferences are quasi-linear in consumption, then for anywhere there is
no bunching, the optimal tax schedule satisfies

1-M(y)
o [,y e,
TW (49)
1-T'(y) 7—M(y)

ymy)y Y y(61).

The top line of is exactly the formula for optimal marginal tax rates under
maximin. The government objective places zero weight on the utilities of anyone with
6 > 0;. Optimal taxation for these workers amounts to optimal revenue generation.
In the absence of income effects — as is the case with quasi-linear utility — it does not
matter if this tax revenue is transfered downward to individuals of type 6y (maximin)
or directed downward to both 6y and 6, types.

The bottom line of makes plain the countervailing incentives prevailing for
types below 6;. The further is ¢ from one, the more social weight is given to the 6;
types, the more salient is the motive for upward distribution, and the lower is the op-
timal marginal tax rate. In the extreme case of y = 0, optimal tax rates are negative for
unbunched individuals in the interval (y(8),y(61)). Indeed, when v = 0 the optimal
tax rates are identical to those described by Brett and Weymark (2015) in a selfishly-
optimal model if the decision-maker should happen to be of type 6;. They show that
the optimal marginal tax rates in this range are identical to those that would obtain
under maximax utilities. For 6 € (0,1), the tax rates lie strictly between the maximin
optimum and this maximax outcome.

Proposition ] also demonstrates that bunching will typically occur near 6;. When
preferences are quasi-linear in consumption, before-tax income y(#) is strictly decreas-
ing the marginal tax rate. For ¢y < 1, demonstrates a discrete jump in the marginal
tax rate at the income of type 6;. Consequently, before-tax incomes jumps downward
at y(6), in violation of the second-order conditions for incentive compatibility. For
this reason, the before-tax income schedule implied by Equation must be ironed
and a mass of types around ¢; must be bunched. Alternatively, one can visualize a
kink in the optimal tax schedule at y(6;). A positive mass of workers choose to locate
at that kink. An exact description of the bunching region is not our primary concern.
We do emphasize, however, that the formulas in Propositions[I|and ] hold outside of
any bunching regions.
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8 Conclusion

Market income is determined by both ability and effort. When individuals differ in
both their willingness to provide effort and ability there is bound to be heterogeneity
among people who earn the same income. In second-best settings, governments are
constrained to give equal treatment to these unequals. Whether this treatment is more
fitting the “unable” or the “lazy” is one of the things we have studied in this paper.
We have shown that an important determinant of optimal marginal tax rates is the
relative social weight placed on responsibility. The more salient is responsibility, the
lower is the marginal tax rate. Indeed, we uncover a motivation for marginal wage
subsidies if reponsibility is sufficiently salient in the social objective. In some sense,
an emphasis on responsibility is consistent with social transfers coming in the form of
wage subsidies and perhaps serving as a “hand up.”

Naturally, our results depend on the precise formulation of the social objective. We
believe that the objective we consider embodies a reasonable and flexible compromise
between the notions compensation and responsibility. At the very least, it provides
a way of testing the robustness of the compensation-based maximin principle to the
introduction of some elements of responsibility. In the second-best setting, this intro-
duction leads to a standard countervailing incentive problem over an interval of the
lowest incomes while not fundamentally changing the nature of tax schedules for high
income earners. This has some resonance in policy debates. One often hears calls for
wage subsidies for low-income workers, but rarely for the rich.
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Appendix

Proof of Proposition |1} Write the Hamilton-Lagrange function for the second-best prob-
lem as

H=ﬂu—vwdm+waW(ﬂ@)ﬂ@+vwwwy+mmam

6 62
w1 [00)6) ~ 9GO (5 ) 5 + OO — A (5) 57
20 [vior =0 -1 (D))
(A1)
The necessary conditions for an optimum include:
Ha=0(0) +p(0) =0; (A2)
0\ « O\1—a] , o
M= 80 (5 ) 5 + 006 (5 ) 50| o) -c0) =0 @
Hy =E£(0) = —«/(6); (A4)
_ (A=7)00+x(0) [,/ (y(6) y(6) , (y(6)  (y(0)\ 1
He R e () e () e (%)
0\ « 0\1—u 1N,
wnla@n (5) 5+ 806 (5 ) 55| = @) (*5)
The transversality conditions areﬂ
k(@) = -1, and «x(0) =0; (A.6)
c() =0, and o(f)=0. (A7)

Moreover, because there are no pure state constraints in this control problem, the
costate variables are continuous.

Here, we use Seierstad and Sydseeter| (1987, Theorem 5, p. 185).
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When there is no bunching, the monotonicity constraint on y(6) is not active. In
this circumstance p(6) = 0. By (A.2), 0(68) = 0 as well.

From (45), (A.3), and we obtain
x'(6) = 149(0)9'(2(0))- (A.8)

Integrating both sides between 6 and 6 and using the transversality conditions (A.6),
this can be rewritten as

0
1 [ ¢(z0)q(0) a0 =1. (A9)

The latter equation implies that # is positive. Moreover, from (A.6) and (A.8) we also
have

0
K(0) = =1 [ ¢'(z(n)q(m) dn (A10
Now, from the optimizing behavior of the private agents
6)\ 1
1- () = g e (L) 5. (A1)

In the absence of bunching, the right-hand side of (A.5) is zero. Substituting (A.3) into
this equation and rearranging yields

oo (4) 5
g ()00 (D) ).
Equating the left-hand side of with the right-hand side of yields

o= [958 o (2) 8 ()]

Substituting (A.10) into (A.13) and dividing by (A.11)) yields in the proposition.
[

Proof of Proposition 2} As stated after Proposition|[1} the marginal tax rate faced by in-
dividuals of type 0 takes the same sign as fee ¢'(z(n))g (n)dn — (1 — 7)dp(0) /1 from

, hence the same gign as ff(Pl(Z(”))q (n)dn —(1— 7)50,(6)'

If y = 1, then 7 [} ¢/(2(n))q (n)dn — (1= 7)00(6) = 1 [y ¢'(z(n))q (n) dn > 0 for
all types in [0, 0), thereby establishing part (.

If ¥ = 0, note that

0 0
7 [ @ an— (1 =00 =y [ ¢Em)mdn—1, o< o6).
(A.14)
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From (A.10), (A.6) and (A.8) we know that —1 < k() = —7 fj(p’(z(n))q (n)dn <
00 € (8,0) hence

y [ 00 () dn— (1= 7)an(0) <0 and —x(@) ~ (1-7)0(0) = 0. (A15)

Part (ii) of the proposition follows from (A.15). O

Proof of Proposition|3| The proof consists of re-expressing the various components of
in terms of elasticities and the distribution of y. We first present three claims, each
one re-expressing a component of the right-hand side of (43). We need some notation
and definitions in order to state these claims. We note that, when viewed as arising
from individual choices from a tax schedule, before-tax income depends on 6, and on
the tax function T (y). First, we define the elasticity of before-tax income with respect

to BJT_ZI

6 oy
Next, we define the elasticity of before-tax income with respect to p = 1 — T'(y) (we
use p as a shorthand for the income-retention rate),

(A.16)

_ P9y
e(y) = 30 (A.17)

Finally, we denote the level of taxation by L and define the response of before-tax
income to a lump-sum increase in the level of taxation by

¢(y) = g—% (A.18)

Claim 1: At any unbunched 6,

09(0) = a(60)y(0)m(y(6))- (A.19)

Because y(0) is everywhere non-decreasing, Q(0) = M(y(6)). When there is no
bunching, the distribution M is differentiable and

dy(6
q(6) = m(y() L. (A20)
Multiplying both sides of (A.20) by 6 and multiplying the right-hand side by y(0) /y(6)
yields
6 dy(0)

0q(0) = y(G)m(y(G))mW = a(0)y(0)m(y(0)). (A.21)

12These elasticities account for the nonlinearity of the income tax schedule as the presence of T (y)
in their denominators will testify in (A.26)), (A.27), (A.30) and (A.35) (Jacquet et al|(2013)).
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Claim 2: For all 6,
] W (y(6)/0)y(6) _ a(0)
1+ = ) (A.22)
W(y6)/6)6 ey
To prove this claim, we must compute the comparative static properties of the
solution to the agents’” optimization problem

_ —n(Y
max (y—T(y)) —h <6) . (A.23)
Using our defintion of p, the first-order condition associated with (A.23) is
1 (Y 1 _
o (y=TW)p—H (5)5=0. (A.24)

Implicitly differentiating (A.24) with respect to y and p yields

P (= T) ~ I (§) g2 =o' = TO) T )| dy

(A.25)
+0' (y = T(y))dp =0,
so that ,
Yy _ o' (y—T(y)) . (A.26)
% W (5)g— " (y=TW)+2 (y—TE)T" ()
Using to re-express the numerator of right-hand side of yields
e(y) = 0oy _ M (5) g . (A27)

YWy W () d - (- TW) + (- TH) T ()]

We now turn to the computation of a(6). Implicitly differentiating (A.24) with
respect to y and 6 yields

{pzv” (v=T) -1 (3) é — ' (y=Ty) T" (y)} dy
(A.28)
AN n(Y\ Y _
+ {h (5) a+" (5) @] 4 =0,
so that ; y (y) L (y) y
9%Y _ 9/ g2 0/ 6% , A.29
0 K (5) 5 — " (y—Ty)+2' (y—Ty) T" () (4-29)
and
r(yy 1 n(yyy
(6) Qg_g W () g+h" (5) (A.30)
Y8y 1 (§) = 02" (y = T(y) +¢' (y = TW)) T ()|



Dividing (A.30) by (A.27) yields

a(6) _ W (5 s+ ()¢

W m (A31)
Simplifying gives (A.22).
Claim 3: For all 9,
[/9¢%zoo>quwdn——ﬁliigﬂﬁfl
Ml + [ Toemmman - ZEODAD g 0) @

To establish this claim, we modify the arguments of Saez| (2001) and |[Jacquet et al.
(2013, Appendix C) to account for our non-standard objective function. Before doing
so, we need one more comparative static result.

Subclaim 3a: For all y,

e W = T())
¢(y) = —ye(y) Ty —TW)" (A.33)

Implicitly differentiating (A.24) with respect to y and L yields

P (y = T(y) ~ 1" (%) g5 =¥/ (4= T) T ()| dy

(A.34)
—pv" (y —T(y))dL =0,
so that
_ oy pv" (v — T(y)) . A35
ST ) e ) Ry
On the other hand, implies that
B 'y —-T(y) _
VW) oy = T())
p o (y = T(y)) o'y —T(y) (A3

) - =T +o (- TN T ()] T TW)

Cancelling terms on the right-hand side of (A.36) and comparing with the right-hand
side of (A.35) yields (A.33).
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Now, let J(6) be the left-hand side of (A.32), and recall that v’ (x(6)) = 1/¢'(z(0)).
Differentiating the left-hand side of (A.32) yields
' o dx ](9) / / / (1—1)
J(6) =v (X(G))d—gm —0'(x(0))¢'(2(6))q(0) — o' (x(6)) ;Do (0), (A.37)

where Dy, () is the negative of the Dirac delta function centered at 91
It follows from and (A.22) that

T'(y) e(y)
= 6). A.
Upon substituting (A.38) into (A.37) and recognizing that v and ¢ are inverse func-
tions, we have

gy - U x(0))dx  T'(y) e(y) a1 (0) — o (x

Substituting (A.33) into (A.39) yields,

( ; 7) Dy, (0).  (A.39)

We now use the fact that (1 — T'(y))(dy/d6) = dx/d6, to conclude that

rioy 0q(6) dy / (1—17)
J(0) =T (W@(WW% —q(8) —v'(x(6)) v De, (6)- (A.41)
Finally, by (A.19), we have
(0 = ~T Wm0 10 - @) oy @), @)

The transversality conditions imply that J(6) = 0 so that upon integration with respect
to the transformed variable y(6), we arrive at

j0) = [ Toemmonn+ 1 - M)+ [0 ) 8T

y

Dy(e,)(y)-
(A.43)
Because D, g, ) is the negative of the usual Dirac measure,

O=7),6,)), (Ad)

J(6) = /yy(e) T'(n)&(n)m(y(n))dn + [1 — M(y)] — o' (x(61))

which establishes Claim 3.
The proposition follows from Claims 1-3 because substituting (A.19), (A.22), and

(A.32) into yields (48).
[

1350(0) has a derivative equal to zero everywhere except at 01, where it has a downward jump. The
usual Dirac delta function represents the derivate of a function whose graph is two horizontal lines
with an upward jump from one to the other.
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